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£S) , Let K be the function field of a p-adic curve, G a semisimple simply connected 

group over K and X a G-torsor over K. A conjecture of Colliot-Thelene, Parimala 

r*n ■ and Suresh predicts that if for every discrete valuation v of K, X has a point 

over the completion K v , then X has a ET-rational point. The main result of 
this paper is the proof of this conjecture for groups of some classical types. In 
particular, we prove the conjecture when G is of one of the following types: (1) 
2 A* , i.e. G = SU(/i) is the special unitary group of some hermitian form h over 
a pair (D , r), where D is a central division algebra of square- free index over a 
quadratic extension L of K and r is an involution of the second kind on D such 
that U = K; (2) B n , i.e., G = Spin(g) is the spinor group of quadratic form 
of odd dimension over K; (3) Z?*, i.e., G = Spin(/i) is the spinor group of a 

C-— ' hermitian form h over a quaternion ET-algebra D with an orthogonal involution. 

Our method actually yields a parallel local-global result over the fraction field of 
a 2-dimensional, henselian, excellent local domain with finite residue field, under 
suitable assumption on the residue characteristic. 
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1 Introduction 

Let K be a field and G a smooth connected linear algebraic group over K. The co- 
homology set H l (K, G) classifies up to isomorphism G-torsors over K, and a class 
£ G H 1 ^, G) is trivial if and only if the corresponding G-torsor has a i\~-rational 
point. Let Qk denote the set of (normalized) discrete valuations (of rank 1) of the field 
K. For each v G fix, let K v denote the completion of K at v. The restriction maps 
H 1 ^, G) — y H X {K V1 G), v G Qk induce a natural map of pointed sets 

H\K,G)-^ H H\K V ,G). 



If the kernel of this map is trivial, we say that the Hasse principle with respect to fix 
holds for G-torsors over K. 

In the case of a p-adic function field, by which we mean the function field of an 
algebraic curve over a p-adic field (i.e., a finite extension of Q p ), the following conjecture 
was made by Colliot-Thelene, Parimala and Suresh. 

Conjecture 1.1 ([6]). Let K be the function field of an algebraic curve over a p-adic 
field and let G be a semisimple simply connected group over K . 
Then the kernel of the natural map 

H\K, G) — ► \{ H\K V , G) 

v£Uk 

is trivial. In other words, if a G-torsor has points in all completions K v , v G Qk, then 
it has a K -rational point. 

(1.2) Let K be a p-adic function field with field of constants F, i.e., K is the function 
field of a smooth projective geometrically integral curve over the p-adic field F. Let A 
be the ring of integers of F. It is in particular a henselian excellent local domain of 
dimension 1. By resolution of singularities, there exists a proper flat morphism X — > 
SpecA, where X is a connected regular 2-dimensional scheme with function field K. We 
will say that X is a p-adic arithmetic surface with function field K, or that X — > SpecA 
is a regular proper model of the p-adic function field K. 

An analog in the context of a 2-dimensional base is as follows. Let A be a henselian 
excellent 2-dimensional local domain with finite residue field k and let K be the field 
of fractions of A. Again by resolution of singularities, there exists a proper birational 
morphism X — > SpecA, where X is a connected regular 2-dimensional scheme with 
function field K. We will say that SpecA is a local henselian surface with function field 
K and that X — y SpecA is a regular proper model of SpecA 

Experts have also been interested in the following analog of Conjecture ll.il 

Question 1.3. Let K be the function field of a local henselian surface SpecA with finite 
residue field and let G be a semisimple simply connected group over K . 
Does the Hasse principle with respect to Qk hold for G-torsors over K ? 

Let K be the function field of a p-adic arithmetic surface or a local henselian surface 
with finite residue field. For most quasi-split if-groups, the Hasse principle may be 
proved by combining an injectivity property of the Rost invariant map (cf. [6], Thm. 5.3]) 
and results from higher dimensional class field theory of Kato and Saito. 

The goal of this paper is to prove the Hasse principle for groups of several types in 
the non-quasisplit case. To give precise statement of our main result, we will refine the 
usual classification of absolutely simple simply connected groups in some cases. 

(1.4) Let E be a field and let G be an absolutely simple simply connected group over 
E. We say that G is of type 

(1) x A* n , if G = SLx(A) is the special linear group of some central simple .E-algebra 
A of square-free index; 



(2) 2 A* n , if G = SXJ(h) is the special unitary group of some nonsingular hermitian 
form h over a pair (D, r), where D is a central division algebra of square-free index over 
a separable quadratic field extension L of E and r is an involution of the second kind 
on D such that L T = E; when the index of division algebra D is odd (resp. even), we 
say the group G = SXJ(h) is of type 2 A* n of odd (resp. even) index; 

(3) C*, if G = U(h) is the unitary group (also called symplectic group) of a nonsin- 
gular hermitian form h over a pair (D, r), where D is quaternion algebra over E and r 
is a symplectic involution on D; 

(4) D* n (in characteristic ^ 2), if G = Spin(/i) is the spin group of a nonsingular 
hermitian form h over a pair (Z), r), where D is quaternion algebra over Z? and r is an 
orthogonal involution on D; 

(5) F[ (in characteristic different from 2, 3), if G = Aut a i g (J) is the group of 
algebra automorphisms of some reduced exceptional Jordan Z?-algebra J of dimension 
27. 

Recall also that G is of type 

(6) B n (in characteristic ^ 2), if G — Spin(g) is the spin group of a nonsingular 
quadratic form q of dimension 2n + 1 over E; 

(7) G 2 (in characteristic ^ 2), if G = Aut aiff (C) is the group of algebra automor- 
phisms of a Cayley algebra C over Z?. 

(1.5) In the local henselian case, we shall exclude some possibilities for the residue 
characteristic. To this end, we define for any semisimple simply connected group G a 
set S(G) of prime numbers as follows (cf. [25] §2.2] or [D] P-44]): 

S(G) = { 2 }, if G is of type G 2 or of classical type B n , C n or D n (trialitarian D 4 
excluded) ; 

S{G) = { 2 , 3 }, if G is of type E e , E 7 , F 4 or trialitarian D 4 ; 

S(G) = { 2 , 3 , 5 }, if G is of type E 8 ; 

S(G) is the set of prime factors of the index ind(A) of A, if G — SLi(A) for some 
central simple algebra A; 

S(G) is the set of prime factors of 2.ind(.D), if G — SXJ(h) for some nonsingular 
hermitian form h over a division algebra D with an involution of the second kind. 

In the general case, define S(G) = US(Gi), where Gi runs over the almost simple 
factors of G. 

When G is absolutely simple, let no be the order of the Rost invariant of G. Except 
for a few cases where uq = 1, the set S(G) coincides with the set of prime factors of nc 
(cf. [21, Appendix B] or [TH §31. B]). 

We summarize our main results in the following two theorems. 

Theorem 1.6. [j Let K be the function field of a p-adic arithmetic surface and G a 
semisimple simply connected group over K . Assume p ^ 2 if G contains an almost 
simple factor of type 2 A* n of even index. 



* After this paper was completed, the author was told by Prof. Parimala that a few years ago R. 
Preeti announced an injectivity result for the Rost invariant which implies this theorem. Her result has 
not come out in written form. 



If every almost simple factor of G is of type 

1 4* 2 a * o /~t* r~i* ipred 



then the natural map 



has a trivial kernel. 
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Theorem 1.7. Lei if 6e i/ie function field of a local henselien surface with finite residue 
field of characteristic p. Let G be a semisimple simply connected group over K . Assume 
piS(G). 

If every almost simple factor of G is of type 

x A* n , 2 A* n of odd index, B n , C* , D* n , F™ d or G 2 , 

then the natural map 

H\K,G)—> J] H\K V ,G) 

has a trivial kernel. 

If moreover the Hasse principle with respect to Qk holds for quadratic forms q of 
rank 6 over K(i.e., q has a nontrivial zero over K if and only if it has a nontrivial zero 
over every K v , v G fix), then the same result is also true for an absolutely simple group 
of type 2 A* n of even index. 

In fact, it suffices to consider only divisorial discrete valuations in the above theorems. 

Remark 1.8. Let K be as in Theorem If .61 or [TT71 Assume the residue characteristic p 
is not 2. 

(f) By [261 Thm. 3.4] (the arithmetic case) and [T3l Thm. 3.4] (the local henselian 
case), a central division algebra of exponent 2 over the field K is either a quaternion 
algebra or a biquaternion algebra. So for a group of type C n , say G = U(/i) with h a 
hermitian form over a symplectic pair (D, r), the only case not covered by our theorems 
is the case where D is a biquaternion algebra. Similarly, for a group of classical type 
D n , say D = Spin(/i) with h a hermitian form over an orthogonal pair (D, r), the only 
remaining case is the one with D a biquaternion algebra. 

(2) In Theorem II .71 the hypothesis on the Hasse principle for quadratic forms of rank 
6 is satisfied if K = Frac((9[t]) is the fraction field of a formal power series ring over a 
complete discrete valuation ring O (whose residue field is finite), by [121 Thm. 1.2]. In 
the arithmetic case, this is established in [61 Thm. 3.1]. 

In the rest of the paper, after some preliminary reviews in Section [21 we will prove 
our main theorems case by case: the cases x A* n) C n , F™ and G 2 in Section [31 the cases 
B n and D* n in Sections H] and El and the case 2 A* n in Section [6j 

Our proofs use ideas from Parimala and Preeti's paper [22]. In particular, two exact 
sequences of Witt groups, due to Parimala-Sridharan-Suresh and Suresh respectively, 
play a special role in some cases. Other important ingredients include Hasse principles 



for degree 3 cohomology of Q/Z(2) coming from higher dimensional class field theory 
of Kato and Saito (cf. [TJ)] and |23]). as well as the work of Merkurjev and Suslin on 
reduced norm criterion and norm principles ([29], [20]). For spinor groups and groups 
of type 2 A* n of even index, we also make use of results on quadratic forms over the base 
field K obtained in [21], [19] (see also [11]) in the p-adic case and in [13] in the local 
henselian case. 



2 Some reviews and basic tools 

In this section, we briefly review some basic notions which will be used frequently and 
we recall some known results that are essential in the proofs to come later. 

Throughout this section, let L denote a field of characteristic different from 2. 

2.1 Hermit ian forms and Witt groups 

We will assume the readers have basic familiarity with the theory of involutions and 
hermitian forms over central simple algebras (cf. [27], [16], p2]). F° r later use, we recall 
in this subsection some facts on Witt groups, the "key exact sequence" of Parimala, 
Sridharan and Suresh and the exact sequence of Suresh. The readers are referred to [31 
§3 and Appendix 2] , [U §3] and [221 §8] for more information. 

Unless otherwise stated, all hermitian forms or skew-hermitian forms (in particular 
all quadratic forms) in this paper are assumed to be nonsingular. 

(2.1) Let L be a field of characteristic different from 2, A a central simple algebra 
over L and a an involution on A. Let E = L° '. We say that a is an L/E-involution 
on A. To each hermitian or skew-hermitian form (V, h) over (A, a), one can associate 
an involution on End^V), called the adjoint involution on End^y) with respect to h. 
This is the unique involution ah on End^(\^) such that 

h(x, f(y)) = h(a h (f)(x) ,y), Vx, yeV, V / e End A (V) . 

For a fixed finitely generated right A-module V, define an equivalence relation ~ on 
the set of hermitian or skew-hermitian forms on V (with respect to the involution a) by 

h ~ h' -<=>- there exists A G E* such that h = X.h' . 

Let 7i + (V) (resp. T-L~{V)) denote the set of equivalence classes of hermitian (resp. 
skew-hermitian) forms on V and let 7i ± (V) = / H + (V) WH~(V). The assignment /i i— >■ o^ 
defines a map from / H ± (V) to the set of involutions on End^V). If a is of the first kind, 
then the map /i4 a^ induces a bijection between 'H ± (V) and the set of involutions of 
the first kind on End y i(l / ), and the involutions o^ and a have the same type (orthogonal 
or symplectic) if h is hermitian and they have opposite types if h is skew-hermitian. If 
a is of the second kind, then the map h \- > o~h induces a bijection between % + {V) and 
the set of ^/^-involutions on End A (V). (cf. [17, p.43, Thm. 4.2].) 

If A = L and a = id, a hermitian (resp. skew-hermitian) form h is simply a symmetric 
(resp. skew-symmetric) bilinear form b. In this case, 6h a^ defines a bijection between 



equivalence classes of nonsingular symmetric or skew-symmetric bilinear forms on V 
modulo multiplication by a factor in L* and involutions of the first kind on End^fV). If 
q is the quadratic form associated to a symmetric bilinear form b, we also write a q for 
the adjoint involution 07,. 

(2.2) Let (A, a) be a pair consisting of a central simple algebra A over a field L 
of characteristic 7^ 2 and an involution (of any kind) o on A. The orthogonal sum 
of hermitian forms defines a semigroup structure on the set of isomorphism classes of 
hermitian forms over (A, a). The quotient of the corresponding Grothendieck group 
by the subgroup generated by hyperbolic forms is called the Witt group of (A, a) and 
denoted W(A, a) = W l (A, a). The same construction applies to skew-hermit ian forms 
and the corresponding Witt group will be denoted jy _1 (A, a). 

If A = L and a = id, then W(A, a) is the usual Witt group W(L) of quadratic forms 
(cf. [18], [27] ). One has a ring structure on W(L) induced by the tensor product of 
quadratic forms. The classes of even dimensional forms form an ideal I(L) of the ring 
W(L). For each n > 1, we write I n (L) for the n-th power of the ideal I(L). As an 
abelian group, I n (L) is generated by the classes of n-fold Pfister forms. 

(2.3) Let Dbea quaternion division algebra over a field L of characteristic 7^ 2. Let 
t be the standard (symplectic) involution on D. The Witt group W(D, To) has a nice 
description as follows (cf. J2JJ p.352]). 

If h : V x V — > D is & hermitian form over (D, r ), then the map 

q h : V — > L , q h (x) := h(x, x) 

defines a quadratic form on the L-vector space V, called the trace form of h. If h 
is isomorphic to the diagonal form (Ai,...,A r ), then qh is isomorphic to the form 
(Ai , . . . , A r ) <8> nr>, where ri£> denotes the norm form of the quaternion algebra D. By 
[2"7| p.352, Thm. 10.1.7], the assignment h H- qh induces an injective group homomor- 
phism W(D, r ) — > W(L), whose image is the principal ideal of W(L) generated by (the 
class of) the norm form no of D. In particular, two hermitian forms over (D, tq) are 
isomorphic if and only if their trace forms are isomorphic. 

(2.4) Let L/E be a quadratic extension of fields of characteristic different from 2. The 
nontrivial element t of the Galois group Gal(L/E) may be viewed as a unitary involution 
on the L-algebra A = L. The Witt group W(L, t) can be determined as follows (cf. [27] 
pp.348-349]): 

As in (12. 3p . to each hermitian form h : V X V — >■ L over (L, l), one can associate a 
quadratic form qh on the E'-vector space V, called the trace form of h, by defining 

<27i(x) := h(x, x) , V x G V . 

One can show that h H- qh induces a group homomorphism W(L, l) — > W(E) which 
identifies W(L, 1) with the kernel of the base change homomorphism W(E) — > W(L). 
In particular, two hermitian forms over (L, l) are isomorphic if and only if their trace 
forms are isomorphic, (cf. [27J Thm. 10.1.2].) 
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Let S £ E be an element such that L = E{y5). Then for a £ E*, the trace form of 
h = (a) is isomorphic to (a , — aS) = a. (I , —S). So the image of the map 

W(L,t)-+W(E)i h^q h 

is the principal ideal generated by the form (1 , —S) (cf. [27J Remark 10.1.3]). 

(2.5) Let A be a central simple algebra over a field L of characteristic char(L) ^ 2. 
Let a be an involution on A and let E = L a . For any invertible element u £ A*, let 
Int(w) : A — > A denote the inner automorphism x (->■ u.x.u~ x . If <t(u)m _1 = ±1, then 
Int(w) o o is an involution on A of the same kind as o. 

Conversely, let a, r be involutions of the same kind on A. If o and r are of the first 
kind, then there is a unit u £ A*, uniquely determined up to a scalar factor in E*, such 
that r = Int(u) o a and cr(u) = ±m. Moreover, the two involutions a and r = Int(w) o a 
are of the same type (orthogonal or symplectic) if and only if u{u) = u. If a and r are 
of the second kind, then there exists a unit u £ A*, uniquely determined up to a scalar 
factor in E* , such that r = Int(it) o o and cr(u) = u. 

Let ii(v4, a) = ^(A, a) (resp. i3 _1 (v4, a)) denote the category of hermitian (resp. 
skew-hermitian) forms over (A, a). Let s, e' £ {±1}. Let a £ A* be an element such 
that a (a) = e'a. Then the functor 

$ a : <o £ (A , Intta- 1 ) o a) — ► ^i ££ '(A, a) ; (V, h) ^ (V, a./i) 

is an equivalence of categories, called a scaling. There is also an induced isomorphism 
of Witt groups 

<\> a : W £ {A , lnt(a- 1 ) o a) ^ W ££ ' (A, a) . 

In particular, if a and r are involutions of the same kind and type on A, then there is a 
scaling isomorphism of Witt groups (fi a : W(A, r) ^> W{A, a). 

(2.6) Let A be a central simple algebra over a field L of characteristic 7^ 2 and a 
an involution of any kind on A. Let (V, h) be a hermitian form over (A, a). Let 
B = EndA{V) and let ah be the adjoint involution with respect to h. There is an 
equivalence of categories, called the Morita equivalence, 

^ : Sj(B,(T h )—>S!>(A,cr) 

defined as follows (cf. [3 9 §1.4], [HH §1.9]): For a hermitian form (M, /) over (B,ah), 
define a map 

h*f : (M ® B V) x (M ® B V") — >A 

by 

(/i * /)(mi <8) ui , m 2 ® f 2 ) := /i(ui , /(mi, m 2 )(u 2 )) . 

One verifies that <&h(M , /) := (M® B V , /i*/) yields a well-defined functor ii(_B , a h ) — >• 
i^(A, cr), which can be shown to be an equivalence (cf. [16, p. 56, Thm. 1.9.3.5]). The 
Morita equivalence induces an isomorphism of Witt groups: 

<P h : W(End A (V),a h )^W(A,a). 



(2.7) We briefly recall the construction of the key exact sequence of Parimala, Sridharan 
and Suresh. The readers are referred to [31 §3 and Appendix 2] for more details. 

Let (A, a) be a central simple algebra with involution over L. Let E = If . Assume 
there is a subfield M C A which is a quadratic extension of L such that a(M) = M. 
Suppose ct\m = idM if cr is of the first kind. Let 

A := {a G A \ a.m = m.a , V m G M} 

be the centralizer of M in A. This is a central simple algebra over M. By J3J Lemma 3.1.1] , 
there exists /i6i* such that u{p) = —p and that the restriction of Int(w) to M is the 
nontrivial element of the Galois group Gal(M/L). 

Set t = Int(yu) o o and let r 1; r 2 be the restrictions of r and a to A respectively. 
Then t\ is an involution of the second kind, r 2 is of the same kind and type as a, and r 
is orthogonal (resp. symplectic) if and only if a is symplectic (resp. orthogonal). 

One has a decomposition A = A © jjl.A (as right M-modules). Let 7Ti, 7f2 : A — >■ A 
be the M-linear projections 

nx(x + ny) = x, 7r 2 {x + fiy) = y , Wx,yeA. 

These induce well-defined group homomorphisms 

tti : W(A, t) — > W(A, n) and vr 2 : \V~\A, r) — >■ W(J4, r 2 ) . 

On the other hand, let A G M be an element such that A 2 G L and M = L(X). For a 
hermitian form (V, /) over (A, Ti), define p(/) to be the unique skew-hermit ian form 
on V — V © V/x which extends A./ : I 7 x V — > A. This defines a group homomorphism 

p : W(J4, n) — > W~\A, t) ; (y, /) m- (V © Vp , p(/)) . 

The sequence 

(2.7.1) W e (A } t) ^ W £ {A, n ) -A W £ (A, r) ^> VT £ (1, r 2 ) 

turns out to be an exact sequence (cf. [21 Appendix 2]). 

Since r(p) = — //, one has a scaling isomorphism (cf. (12. 5p ) 

We may thus replace W~ X (A, r) in the exact sequence (12.7. ip by W(A, a) and rewrite 
it as 

(2.7.2) W(A, t) ^ W(A, n) -A W(A, a) ^> W(I, r 2 ) 

where p = (j)~ op and 7r 2 = 7r 2 o M . This exact sequence is due to Parimala, Sridharan 
and Suresh and is referred to as the key exact sequence in [3]. 

We will only use the exact sequence (12.7.21) in the case where A = D is a quaternion 
algebra and a is an orthogonal involution. This special case was already discussed by 
Scharlau in [271 P-359]. 



(2.8) Now let D be a quaternion division algebra over a quadratic field extension 
L of E and let r be a unitary L/S-involution on D (i.e. a unitary involution such 
that L T = E). There is a unique quaternion .E-algebra Dq contained in D such that 
D = Dq £g>£ L and r = tq £g> t, where To is the canonical (symplectic) involution on Dq 
and t is the nontrivial element of the Galois group Gal(L/E). Write L = E(yd) with 
d G E*. Then D = D (B D G yd. For any hermitian form (V, h) over (.D, r), we may 
write 

h(x, y) = hi(x, y) + h 2 (x, y)vd with h, t {x, y) E D , for z = 1, 2 

for any x, y G V. 

The projection h^t h 2 defines a group homomorphism 

p 2 : W(£>, r)— >W- 1 (A,,T ). 

For a hermitian form (Vo, /) over (Dq, tq), set 

V = V ® D() £> = Vq ®e L = V © V \Q 

and let p(/) : V x V ^- D be the map extending / : Vo x Vo — > D by r-sesquilinearity. 
One checks that this defines a group homomorphism 

p: W(£>„, To) — ► W(A r) ; (Vo, /) i— ► (Vb © \Wd, p(/)) . 

For any quadratic form q over L = E(yd), there are quadratic forms q±, q 2 over fc such 
that q{x) = qi(x) + q 2 (x)yd. We have thus group homomorphisms 

tt 4 : W(L)^W(E); q .— ► q t , i = 1, 2. 

We denote by tx\ : W(L) — > W(D , r ) the composite map 

W(L) ^ W(E) — ► W(D , r ) 

where the map PV(.E) — > W(D , r ) is induced by base change. 
Suresh (cf. [221 Prop. 8.1]) proved that the sequence 

W(L) A W(A) , r ) ^> W(£> , r) ^> W^A,, r ) 
is exact. We will refer to this sequence as Suresh's exact sequence in the sequel. 

2.2 Invariants of hermitian forms 

In this subsection, we recall the definitions of some invariants of hermitian forms. For 
more details, see §2], HJ §3] and [23 §5, §7]. 



(2.9) Let (D, a) be a central division algebra with involution over L. Let E = L a . 
Let (V, h) be a hermitian form over (D, a). The rank of (V, h), denoted rank(V, h) or 
simply rank (ft), is by definition the rank of the D-module V: 

rank(ft) := ranko(V) . 



(2.10) With notation as in (J2.9J) . let e\, . . . , e n be a basis of the D-module V (so that 
rank(ft) = ranko(^) = n). Let M(ft) := (ft(ej, e,,)) be the matrix of the hermitian form 
ft with respect to this basis. The matrix algebra A = M n (D) has dimension 

dim L A = n 2 dim^ D = (rank(ft). deg L D) 2 . 

Put 

m = vdimi A = rank(ft). degr L> = — . 

v v ' L deg L D 

We define the discriminant disc(ft) = disc(V, ft) of the hermitian form (V, ft) by 

,. /,s , ,. rn(m-i) ,„,„,* ) E* / E* 2 if o is of the first kind 

\E*/N l /e{E*) if a is of the second kind 

If ft is a hermitian form over (£), a), the image of the canonical map 

H\E , SU(ft)) — > ^(^ , U(ft)) 

consists of classes [ft/] G if 1 (£', U(ft)) of hermitian forms ft/ which have the same rank 
and discriminant as ft. 

(2.11) Let Dbea cenral division algebra over L and let a be an orthogonal involution 
on D. Note that the Brauer class of D in the Brauer group Br(L) lies in the subgroup 

Br(L)[2] := {a E Br(L) | 2.a = 0} . 

Let ft be a hermitian form over (D, a). Let 

5 : H\L, SU(ft)) — > H 2 {L, fi 2 ) = Br(L)[2] 

be the connecting map associated to the exact sequence of algebraic groups 

1 — >■ /x 2 — > Spin(ft) — ► SU(ft) — ► 1 . 

Let ft' be a hermitian form over (D, a) such that rank(ft') = rank(ft) and disc(ft/) = 
disc(ft). Then there is an element c(ft') e H\L } SU(ft)) which lifts [ft'] G if 1 ^, U(ft)). 
The class of S(c(h')) in the quotient Br (L) [2] /([D]) is independent of the choice of c(h') 
(cf. [3, §2.1]). Following |2j, we define the relative Clifford invariant 'jf£h{h') by 

V£ h {h') ;= [*(c(/0)l e ^ffl . 
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When h has even rank 2n and trivial discriminant, the Clifford invariant ^Kfi) of h 
is defined as 

V£(h) := V£ H2n (h) G ^pjp 

where H 2n denotes a hyperbolic hermitian form of rank 2n = rank(/i) over (£), a). If 
D = L and /i = g is a nonsingular quadratic form over L, then ^£(h) coincides with the 
usual Clifford invariant of the quadratic form q. 

(2.12) Let (D, a) be a central division algebra with an orthogonal involution over L. 
Let h be a hermitian form of even rank 2n, trivial discriminant and trivial Clifford 
invariant. We denote by U 2n (D, a), SXJ 2n (D, a) and Spin 2n (A, a) respectively the 
unitary group, the special unitary group and the spin group of the hyperbolic form over 
(D, a) defined by the matrix H 2n = (j I q)- 

There is an element £ G H 1 ^, Spin 2n (Z), a)) which is mapped to the class [h] G 
H X (L, XJ 2n (D, a)) under the composite map 

H\L, Spin 2 „(A a))-^H\L, SXJ 2n (D, &))-^H\L, U 2n (D, a)). 

Let 

Rs P in 2n{ D,a) : H\L, Spin 2n (L>, a)) — ► H\L , Q/Z(2)) 

be the usual Rost invariant map of the simply connected group Spin 2n (D, a) (cf. [IZJ 
§31. B]). It is shown in [4, p. 664] that the class of Rs P in 2n (D,a)(0 in the quotient 

H 3 (L, Q/Z(2)) 



H l (L,p 2 )U(D) 
is well-defined. The Rost invariant 3$(h) of the form h is defined as 

H*(L, Q/Z(2)) 



mh) ■■= [Rs pi n 2 jD,«)(0] e 



m(L,fi 2 )u{D) 



(2.13) Let (D, a) be a quaternion algebra with an orthogonal involution over L. We 
will need some further analysis on the map p : W(D , Ti) — > W(D, a) in the exact 
sequence ( I2.7.2p . Note that in this case D = M is a quadratic field extension of L 
and 7*1 is the nontrivial element t of the Galois group Gal(M/L). Let U2 n (M, t) and 
SU2n(^, t>) denote the unitary group and the special unitary group of the hyperbolic 

form over (M, l) defined by the matrix H 2n =1 ™ J . We have 

U 2n (M, l)(L) = {Ae M 2n (M) | A.H 2n i(AY = H 2n } . 
Note that for A G M 2n (M), l{A) = Int(p) o a (A) = pAp- 1 (cf. (1277)1 ) and 



A.H 2n .i(Af = H 2n <^> (A.H 2n .i(Ayy = (H 2n y <=> i(A).H 2n .A l = H, 



2n ■ 
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Therefore, for A G U 2 „(M, l)(L), we have 

A. t i- 1 XH 2n .a{A) t = A. t i- 1 XH 2n .A t 

= p-\pAp~ 1 )XH 2n .A t 

= p- 1 Xi(A).H 2n A t = p~ 1 XH 2n 

inside M 2n (D). So we have a natural inclusion 

U 2n (M, l){L) C U(/x- 1 A J ff 2n )(L) = {£ G M 2n (D) | B.^XH^.aiBY = p- x XH 2n } . 

In fact, this defines an inclusion of algebraic groups over L: 

p' : U 2n (M, i) — > V{p- x XH 2n ) ; A^A. 

By [13 p. 402, Example 29.19], any element £ of H X (L, U 2n (M, t)) is represented by a 
matrix S 1 G GL 2n (M) which is symmetric with respect to the adjoint involution lh 2 „ on 
M 2n (M), and £ is the isomorphism class of the hermitian form H 2n S~ x . The natural 
map 

H\L, U 2n (M, 0) — ► H\L, U(fx- l XH 2n )) 

induced by the homomorphism p' maps £ to the class of the hermitian form p~ 1 XH 2n S~ 1 . 
On the other hand, by the construction of the homomorphism p : W(M, l) — > W(D, a), 
the form H 2n S' over (M, t) is mapped to the form p~ l XH 2n S~ l over (£>, a). Hence the 
natural map 

H\L, U 2n (M, 0) -^H\L, V{p- l XH 2n )) 

is compatible with the restriction of p to forms of rank In. 

Clearly, the inclusion p' : U 2n (M, t) — > \]{p~ 1 XH 2n ) induces an inclusion SU 2n (M, l) — > 
S\J(p~ 1 XH 2n ) (cf. [U p. 671]). A choice of isomorphism of hermitian forms p~ l XH 2n = 
H 2n over (D, a) yields an injection 

SU 2 „(M, l) — ► SU(# 2 „) = SU 2n (D, a) . 

This lifts to a homomorphism 

po : SU 2n (M, l) — > Spin 2n (L>, a) . 

The composition 

SU 2n (M, t) ^ Spin 2n (D, a) — > U 2n (D, a) 

induces a commutative diagram 

H\L , SU 2n (M , 0) H\L , Spin 2n (,D , a)) 



H\L,U 2n (D,a)) 
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such that the map p : W(M , l) — >■ W(D , a) restricted to forms of rank 2n and of trivial 
discriminant is compatible with the map p' at the level of cohomology sets. Moreover, 
for any f G H l (L, SU 2 „(M, l)), one has by [4, Prop. 3.20] 

Rs P in 2n (D,a)(P0(O) = RsU 2n (M,,m G H*(L , Q/Z(2)) , 

i.e., po(0 *= H X (L , Spin 2n (/}, cr)) has the same Rost invariant as £. If /t is a hermi- 
tian form over (D, a) representing the class p'(0 ^ H X (L, U 2n (D, cr)), then the Rost 
invariant of the form h is 

#(/*) = [i?Spin 2 „(D, CT )(Po(0)] = [*W(M, (0] € f/ ' U ' i:i 



by definition (cf. (|212jl ). 

(2.14) We shall also use the notion of Rost invariant of hermitian forms over an algebra 
with unitary involution. The definition is as follows. Let E be a field of characteristic 
7^ 2, L/E a quadratic field extension and (D, r) a central division algebra over L with a 
unitary L/£'-involution. Let U2 n (D, r) and SU2 n (-D, t) denote respectively the unitary 
group and the special unitary group of the hyperbolic form (j > u I q) over (D, r). For a 
hermitian form h of rank In and trivial discriminant over (D, r), we may define its Rost 
invariant M{h) by 

«(h\ rp wi c i/ 3 (^Q/Z(2)) 



Cores^L* 1 ) U (£>)) ' 

where f 6 tf 1 ^, SU 2n (A r)) is any lifting of the class [/i] G F 1 ^, U 2 „(£>, r)) and 

L* 1 = (i^ /£ G m )(£) = {a G L* | Afy B (a) = 1} . 

Indeed, by [22j Appendix, Remark B], the class [-Rsu 2 „(d,t)(0] * s independent of the 
choice of the lifting £ so that this Rost invariant is well-defined. Note that if D = D$®eL 
for some central division algebra Dq over E, then 

CoresL/EdL* 1 ) U (£>)) = 

and hence the Rost invariant of h is simply the usual Rost invariant of any lifting 
£ G H X (E, SU2n(-D, t)) of the isomorphism class of h. 

2.3 Spinor norms 

(2.15) Let E be a field of characteristic different from 2, A a central simple algebra 
over E and cr an orthogonal involution on A. Let /i be a nonsingular hermitian form 
over (A , cr). The exact sequence of algebraic groups 

1 — >P2 — ► Spin(fc) — ► SU(/i) — ► 1 , 

induces a connecting map 

5: SU(h)(E) — >H\E,p 2 ) =E*/E* 2 

13 



which we call the spinor norm map. We will write 

Sn{h E ) := Im (S : SV(h)(E) — > E*/E* 2 ) 

for the image of the above spinor norm map. li A = E, a = id and h = q is a quadratic 
form, the spinor norm map 5 : SO(q)(E) — > E*/E* 2 has an explicit description as 
follows (cf. [18, p. 108]): Any element 9 G SO(q)(E) can be written as the product of 
an even number of hyperplan reflections associated with anisotropic vectors V\, . . . , Vi r - 
The spinor norm 5(8) is equal to the class of the product q(vi) ■ ■ ■ q(v2r) in E* /E* 2 . 

A deep theorem of Merkurjev is the following norm principle for spinor norms. 

Theorem 2.16 (Merkurjev, (201 6.2]). With notation as in (j2.15p . assume that deg(A) .ra,nk(h) 
is even and > 4. 

Then the image Sn(h E ) of the spinor norm map is equal to the subgroup of E*/E* 2 
generated by the canonical images of the norm groups Nl/e{L*) over all finite field 
extensions L/E such that A E is split and hi is isotropic. 

The following corollary is immediate from the above theorem. 

Corollary 2.17. With notation and hypotheses as in Theorem \2.W\ for any finite field 
extension E'/E, one has 

N E , /E (Sn(h E ,)) C Sn(h E ) . 

(2.18) With notation and hypotheses as in Theorem 12. 16} the well-known norm prin- 
ciple for reduced norms states that the subgroup Nrd(v4*) C E* of reduced norms is 
generated by the norm groups N E / E (L*), where L/E runs over all finite field extensions 
such that A E is split. So Theorem 12 . 1 61 implies that Sn(h E ) is contained in the canonical 
image of Nrd(A*) in E*/E* 2 . 

(2.19) Let (A, a) be a central simple algebra with an orthogonal involution over a 
field E of characteristic ^ 2. Let L/E be a field extension which splits A and let 
cf) : (A , a) ® E L = (M n (L) , o~ qo ) be an isomorphism of L-algebras with involution, where 
a qo is the adjoint involution of a quadratic form q of rank n = deg(v4) over L. Let h be 
a hermitian form over (A , a) ® E L. Then by Morita theory (cf. (I2.6P ). h corresponds via 
the above isomorphism to a quadratic form q of rank n.rank(/i) = deg(A).rank(/i) over 
L. The similarity class [q] G W(L) of q is uniquely determined by h and is independent 
of the choice of and go- The hermitian form h E is isotropic if and only if the quadratic 
form q E is isotropic. So, if deg(A).rank(/i) is even and > 4, one has Sn(g^) = Sn(/ii) by 
Theorem 12.161 

3 Some easy cases 

We shall now start the proofs of our main theorems. In a few cases, as may be already 
well-known to specialists, the results basically follow by combining a general injectivity 



14 



result for the Rost invariant and a Hasse principle coming from higher dimensional class 
field theory. 

(3.1) Recall that our base field K is the function field of a p-adic arithmetic surface or 
a local henselian surface with finite residue field (cf. ( |1.2|1 ). Namely, K is either 

(the case of p-adic arithmetic surface) the function field F(C) of a smooth projective 
geometrically integral curve C over F, where F is a p-adic field with ring of integers A 
and residue field k; 

or 

(the case of local henselian surface) the field of fractions Frac(A) of a 2-dimensional, 
henselian, excellent local domain A with finite residue field k of characteristic p. 

In either case, by abuse of language we say k is the residue field of K and p = char(fc) 
is the residue characteristic of K. 

In our proofs of the main theorems, we only use local conditions at divisorial valu- 
ations, i.e., valuations corresponding to codimension 1 points of regular proper models 
(cf. (II. 2p ). More precisely, the set Q A of divisorial valuations of the field K is the subset 
of Qk defined as follows: 

In p-adic arithmetic case, define 

n A = u *«, 

X—^SpecA 

where X — > SpecA runs over proper flat morphisms from a regular integral scheme X 
with function field K and X^> denotes the set of codimension 1 points of X identified 
with a subset of VL K . 

In the local henselian case, define 



j i 



X—^SpecA 

where X — > SpecA runs over proper birational morphisms from a regular integral scheme 
X with function field K and X^ denotes the set of codimension 1 points of X identified 
with a subset of Qk- 

(3.2) Let L/K be a finite field extension. Then L is a field of the same type as K if K 
is the function field of a p-adic arithemetic surface or a local henselian surface with finite 
residue field. In the p-adic arithmetic case, let F' be the field of constants of L and let 
A' be the integral closure of A in F'. In the local henselian case, let A' be the integral 
closure of A in L. Then the set Q A > of divisorial discrete valuations of L is precisely the 
set of discrete valuations w G Ql lying over valuations in Q A C Q K . 

(3.3) By the general theory of semisimple groups (see e.g. [TTj, p. 365, Thm. 26.8]), any 
semisimple simply connected group G over K is a finite product of groups of the form 
Rl/k(G'), where L/K is a finite separable field extension, G' is an absolutely simple 
simply connected group over L and Rl/k denotes the Weil restriction functor. For each 
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v G VLai one has L ® K K v = Yl w \v ^w an d by Shapiro's lemma, 

H\K, R L/K G') S H\L, G') and H\K V7 R l/k G') = \{H l {L w , G') . 

Therefore, to prove the Hasse principle for semisimpe simply connected groups we may 
reduce to the case where G is an absolutely simple simply connected group. 

3.1 The quasi-split case 

We recall the proof of the Hasse principle for quasi-split groups without E 8 factors (cf. 
Thm. 5.4]). 

The following theorem is of particular importance to us. 

Theorem 3.4. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let Qa be the set of divi- 
sorial discrete valuations of K (as defined in (13.11) ). 

(i) [Kato, |14J0 In the p-adic arithmetic case, the natural map 

H 3 (K, Q/Z(2)) — ► H H 3 (K V , Q/Z(2)) 

veUa 

is injective. 

(ii) (Saito, [25], cf. /73J Prop. 4-lJ) ^ n the local henselian case, let n > be an 
integer prime to p. Then the natural map 



^(a-.o— ► n^-^ 



is injective. 

The next result is an injectivity statement for the Rost invariant of quasi-split groups. 

Theorem 3.5 (cf. [BJ Thm. 5.3]). Let E be a field of cohomological 1-dimension < 3 
and let G be an absolutely simple simply connected quasi-split group over E. Assume 
that G is not of type E 8 . Assume further the characteristic of E is not 2 if G is of 
classical type B n or D n . 

Then the kernel of the Rost invariant map Rq '■ H l (E, G) —$■ H 3 (E, Q/Z(2)) is 
trivial. 

Proof. For a quasi-split group of type x A n or C n , it is well-known that H 1 (E, G) = 1 
over an arbitrary field E. For exceptional groups (not of type Eg), the kernel of the 
Rost invariant is trivial over arbitrary field by the work of Chernousov, Garibaldi and 
Gille (cf. Thm. 5.2], gj, and 0). If G is of type 2 A n , B n or classical type D n , the 
proof can be done as in (6J Thm. 5.3], by passing to a quadratic form argument. □ 

The p-adic case of the following result is [HI Thm. 5.4]. 
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Theorem 3.6. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let G be an absolutely 
simple simply connected quasi-split group not of type Eg over K . Assume p ^ S(G) in 
the local henselian case (see (I1.5P for the definition of S(G) ). 
Then the natural map 

H\K,G)-^ H H\K V ,G) 

has a trivial kernel. 

Proof. The result follows from the following commutative diagram 

H\K,G) ► U v en A H\K v ,G) 



H*(K,tf) ► rw^ 3 ^^ 



where the vertical maps have trivial kernel by Theorem 13.51 and the bottom horizontal 
map is injective by Theorem 13.41 □ 

3.2 Groups of type l A* n 

For groups of inner type A* n , the proof is essentially the same as the quasi-split case. 

Theorem 3.7. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let A a central simple 
K-algebra of square-free index n and G = SLx(A). Assume p \ n in the local henselian 
case. 

Then the natural map 

H\K,G)-^ H H\K V ,G) 

is injective. 

Proof. A well-known theorem of Suslin ( |291 Thm. 24.4]) implies that under the assump- 
tions of the theorem, the Rost invariant map 

H \E , SLi(A)) = £*/Nrd(A*) — ► H 3 {E , /if) ; A ^ (A) U (A) 

is injective for E = K or K v . An argument similar to the proof of Theorem 13.61 yields 
the result. □ 
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3.3 Groups of type C, 



Lemma 3.8. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p 7^ 2 in the 
local henselian case. 



Then the natural map 



r\K) — ► n i\k v ) 

v£Qa 



is injective. 

Proof. Consider the following commutative diagram 



H\K, Z/2) ► U v en A H 3 (K v ,Z/2) 

where the vertical maps are induced by the Arason invariants. Since cd 2 (K) < 3, we 
have I A (K) = 0. So the map 

e 3 : I 3 (K)^H 3 (K, Z/2) 

is injective by [TJ Prop. 3.1]. The map 

H 3 (K, Z/2) — ► J] H 3 (K V , Z/2) 

is injective by Theorem 13.41 The lemma then follows from the above commutative 
diagram. □ 

Theorem 3.9. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let D be a quaternion 
division algebra over K with standard involution t~o and h a nonsingular hermitian form 
over (D, Tq). Assume p 7^ 2 in the local henselian case. Let G = U(/i) be the unitary 
group of the hermitian form h. 
Then the natural map 

H\K,G)-^ H H\K V ,G) 

is injective. 

Proof. The pointed set H l (K , G) = H 1 ^ , U(/i)) classifies up to isomorphism hermi- 
tian forms over (D, r ) of the same rank as h. Let hi and h 2 be hermitian forms over 
(D , To) of the same rank as h. Put hf = hi-L(—h 2 ). Note that h! has even rank, so 
the class of qy in the Witt group W(K) lies in the subgroup I 3 (K) = I(K) ■ I 2 (K) (cf. 
fl22D). Thus 

[©J - M = M e i\K) . 

If (hi) v = (h 2 ) v for all v G Qa, then by Lemma |3~8| [qy] = G I 3 (K). This implies that 
q hl = q h2 over K. Two hermitian forms over (D , r ) are isomorphic if and only if their 
trace forms are isomorphic as quadratic forms (cf. (12. 3p ). So we get from the above that 
hi = h 2 , proving the theorem. □ 
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3.4 Groups of type G 2 or F\ ed 

Theorem 3.10. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let G be an absolutely 
simple simply connected group of type G2 over K . Assume p 7^ 2 in the local henselian 
case. 

Then the natural map 



H\K,G)-^ \\ H\K V ,G) 



has a trivial kernel. 

Proof. The group G is isomorphic to Aut a / 9 (C) for some Cayley algebra C over K. Let 
£ G H X (K , G) be a locally trivial class and let C' be a Cayley algebra which represents 
£. We have Ck v — C' K for every v G Qa by hypothesis and we want to show C = C' 
over K. Since two Cayley algebras are isomorphic if and only if their norm forms are 
isomorphic and since the norm form of Cayley algebra is a 3-fold Pfister form (cf. [T7"t 
p.460]), the result follows easily from Lemma I3TB1 □ 

Theorem 3.11. Let K be the function field of a p-adic arithmetic surface or a lo- 
cal henselian surface with finite residue field of characteristic p. Assume p \ 6 in the 
local henselian case. Let G = Aut a i g (J) be the automorphism group of a reduced 27- 
dimensional exceptional Jordan algebra over K . 
Then the natural map 

H\K,G)-^ H H\K V ,G) 

has a trivial kernel. 

Proof. Recall that (cf. [281 §9]) to each exceptional Jordan algebra J' of dimension 27 
over a field F of characteristic not 2 or 3, one can associate three invariants 

/ 3 ( J') G H\F , Z/2) , / 5 ( J') G H\F , Z/2) and g 3 (J') G H 3 (F , Z/3) . 

One has gs{J') = if and only if J 1 is reduced. Two reduced exceptional Jordan algebras 
are isomorphic if and only if their / 3 and f'5 invariants are the same. 

Now our base field K has cohomological 2-dimension cd2(i^) = 3. So the invariant 
ff){J') is always zero. Let £ G H l (K , G) correspond to the isomorphism class of an 
exceptional Jordan algebra J 1 over K. Assume that £ is locally trivial in H 1 (K V , G) for 
every v G Qa- By Theorem 13 A\ we have fz{J) = fs(J') and ^3 (J) = g-s(J')- Since J 
is reduced by assumption, we have g-$(J') = and hence J' is reduced. Thus it follows 
that J = J' over K, showing that £ is trivial in H 1 (K , G) as desired. □ 
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4 Spin groups of quadratic forms 

(4.1) Let E be a field of characteristic different from 2 and q a nonsingular quadratic 
form of rank > 3 over E. Recall that Sn(g£?) denotes the image of the spinor norm map 

SO{q)(E) ^E*/E* 2 , 

i.e., the connecting map associated to the cohomology of the exact sequence 

1 — > /i 2 — ► Spin(g) — > SO(g) — > 1 . 

Proposition 4.2. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let q be a nonsingular quadratic form of rank 3 or 4 over K . 
Then the natural map 

K*/K* 2 v -j-r K* v /Kf 



Sn ^ ven A Sn ^ 



is injective. 



Proof. If rank(g) = 3, we may assume q = (1 , a , b) after scaling. Let D be the quater- 
nion algebra (—a , — o)k over K. Then Sn(g) = Nrd(-D*) modulo squares. The result 
then follows from Theorem 13. 71 

Assume next rank(g) = 4. If disc(g) = 1, we may assume after scaling q = 
(1 , a, b, ab). Put D = (—a, —b) K . Then Sn(g) = Nrd(.D*) and the result follows 
again from Theorem 13.71 If d = disc(g) is nontrivial in K*/K* 2 , we may assume 
q — (1 , a , b , abd). Then 

Sn(gx) = Nrd ( D* K ,n. J fl K* modulo squares 

by H3 p.214, Coro. 15.11]. The field K{Vd) is a field of the same type as K (cf. (JS2D). 
Let VLa' denote the set of divisorial valuations of K' = K{\fd). If a G K* lies in Sn(g^) 
for all v G Qa, then a is a reduced norm from Dk> w for all w G Qa 1 - By Theorem 13. 7\ a 
is a reduced norm from Dk' = D K ,^qy This finishes the proof. □ 

Recall that the u- invariant u(E) of a field E of characteristic 7^ 2 is the supremum 
of dimensions of anisotropic quadratic forms over E (so u(E) = 00, if such dimensions 
can be arbitrarily large). 

Proposition 4.3 (Colliot-Thelene). Let E be a field of characteristic 7^ 2 and q a 
nonsingular quadratic form of rank r over E. Assume the u-invariant of E is < 2r. 
Then Sn(g£i) = E*/E* 2 , i.e., the spinor norm map 

SO(q)(E) ^E*/E* 2 

is surjective. 
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Proof. The image Sn(g£) of the spinor norm map consists of elements of the form 
W™ q(vi), where u, are anisotropic vectors for q (cf. (I2.15P ). If q is isotropic over 
E, then for every a & E*, there is a vector v a such that q{v a ) = a. Let v\ be a vector 
such that qiyi) = 1. Then we have a = q{v a ).q{vi) G Sn(ge). 

Assume next q is anisotropic. For any a G -E*, the form gJ-(— a.g) is isotropic 
over £7 by the assumption on the w-invariant. Hence there are vectors x, y such that 
q(x) — a.q(y) = 0. Since q is anisotropic, we have A := q{y) G E* and g(a;) G E*. It 
follows that 

a = q^.qiyY 1 = \~ 2 q(x).q(y) = q(x).q(X' 1 y) G Sn(q E ) 

whence the desired result. □ 

Corollary 4.4. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let q be a nonsingular quadratic form of rank > 5 over K . 
Then Sn(gx) — K*/K* 2 , i.e., the spinor norm map 

SO(q)(K) —>K*/K* 2 

is surjective. 

Proof. Let u(K) denote the w-invariant of K. In the p-adic arithmetic case, we have 
u(K) = 8 by [21] (if p ^ 2) or [19] (see also [H]). In the local henselian case, it is 
proved in [T3], Thm. 1.2] that u(K) = 8. The result then follows immediately from 
Proposition 14.31 □ 

Theorem 4.5. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the 
local henselian case. Let q be a nonsingular quadratic form of rank > 3 over K and 
G = Spin(g). 



(i) The natural map 



H\K,G)-^ H H\K V ,G) 



has a trivial kernel. 

(ii) The Rost invariant 



R G : H\K,G) -^H 3 (K, Q/Z(2)) 
has a trivial kernel z/rank(g) > 5. 
Proof. Consider the exact sequence of algebraic groups 

1 — >H2 — ► Spin(g) = G — ► SO(g) — -* 1 
which gives rise to an exact sequence of pointed sets 
(4.5.1) SO(q)(K) -A K*/K* 2 A H X (K , Spin(g)) -^ H\K , SO(g)) . 
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The image of the map rj is in bijection with isomorphism classes of nonsingular quadratic 
forms q' with the same rank, discriminant and Clifford invariant as q. 

Let f G H\K, G) = H\K, Spin(g)) with 77(f) G H l (K , SO(g)) corresponding 
to a quadratic form q'. Then in the Witt group W(K) the class of q-L(-q') lies in 
I 3 (K) by Merkurjev's theorem (cf. [271 P-89, Thm. 2.14.3]) and its Arason invariant 
es([q-L(— q')]) G H 3 (K , Z/2) coincides with Rost invariant Rg{Q of f when rank(g) > 5 
(HTJp.437]). 

For (i), assume the canonical image £ v of f in H 1 (K V , G) is trivial for every v G fi^. 
We have 

[q±{-q% = G J 3 (i^), V^G^a- 

By Lemma [3TB1 we have q = q' over K. This means that £ G H X {K, G) lies in the kernel 
of 

^ : ffi(tf,G)— ►if^SOG?)). 

By the exactness of the sequence (14.5. 1| . £ = V ; ( a ) f° r some a G Coker(<5) = -§4 — r-. 
Consider now the following commutative diagram with exact rows 

1 ► |^g -*-► H\K,G) -U H\K,SO(q)) 

1 ► Il v en A SiS "^ U v en A HHK v ,G) -^ \\ V ^ A H\K V , SO(g)) 

The canonical image ct^ of a in g V " . is trivial for all v G f^- From Proposition 14.21 
and Corollary I4.4[ h follows that a = 1 and hence £ = ^(a) is trivial. 

For (ii), assume the Rost invariant Rg(0 of f is trivial. Then the Arason invariant 
e 3 ([g_L(— </)]) is zero. Since cd 2 (-K') < 3, the map e 3 : I 3 (-?0 — >■ H 3 (K, Z/2) is injective. 
So we get q = q' over .K" and therefore £ = ip(at) for some a G -^4 — y. When the rank 
of q is > 5, we have K* / K* 2 = Sn(g^) by Corollary 14.41 So a = 1 and £ is trivial. □ 

Remark 4.6. Assertion (ii) of Theorem 14 . 5 1 may be compared with the following result, 
which was already known to experts (cf. [61 Prop. 5.2]): Let E be a field of characteristic 
7^ 2 and of cohomological 2-dimension c&i^E) < 3. Let q be an isotropic quadratic form 
of rank > 5 over E. Then the Rost invariant 

H\E, Spin(g)) — ► H 3 (E , Q/Z(2)) 

for the spinor group Spin(g) has a trivial kernel. 



5 Groups of type D 



Proposition 5.1. Let K be the junction field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let (D , a) be a quaternion division algebra with an orthogonal involution 
over K and let h be a hermitian form of rank > 2 over (D , a). 
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Then the natural map 

K*/K* 2 yj K*/K* 2 



n 



Sn C' K ' vet Sn ( ,!A '»- 



is injective. 



Proof. First assume rank(h) = 2. Put d = disc(/i) G K*/K* 2 . If d = 1 G K*/K* 2 , 
then /i is isotropic and Sn(/i) = Nrd(.D*) modulo squares by Merkurjev's norm prin- 
ciple (Theorem I2.16p . The result then follows from Theorem 13.71 Let us assume 
d = disc(/i) G K*/K* 2 is nontrivial. Let (A , a) = (M 2 (D) , a h ), where o^ denotes 
the adjoint involution of h on A = M 2 (D). The even Clifford algebra C = Cq(A , a) of 
the pair (A , a) (cf. [T71 §8]) is a quaternion algebra over the field K(y/d) and one has 

Sn(/i x ) = Nrd(C*) n A* (mod K* 2 ) . 

(cf. [Us p. 94, Thm. 8.10 and p. 214, Coro. 15.11].) As in the proof of Proposition [OJ it 
follows from Theorem 13.71 that an element A G K*/K* 2 is a spinor norm for hx if and 
only if it is a spinor norm for hx v for all v G Qa- 

Assume next rank(/i) > 3. Let A G A* and assume A is a local spinor norm for hx v for 
every v G Qa- Merkurjev's norm principle (Theorem 12 . 16|) implies that A G Nrd(D^ ) 
for every v G £l A . Hence A G Nrd(A>*) by Theorem O (Note that A* 2 C Nrd(A>*) 
since D is a quaternion algebra.) Let A'/A be a field extension such that Dk' is split 
and A = Nk>/k{ij) f° r some // G (A')*. By Corollary 12. 17[ NK>/K(Sn(hK')) Q Sn(/i^-). 
Since A G A*/A* 2 lies in the image of N k >/k ■ (A')7(A')* 2 -)> K*/K* 2 , to show A is a 
spinor norm for /i#- it suffices to show that the map 



5' : SU(/i)(A') — >■ (A')7(A7 2 

is surjective. Note that D splits over A' by the choice of A'. So we see from (" 12. 19[) that 
lm(5') = Sn(/ix') — Sn(gx')> where g^/ is a quadratic form of rank 2.rank(/i) > 6 over 
A'. Now the result follows immediately from Corollary 14.41 □ 

Proposition 5.2. Let A be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let (D , a) be a quaternion division algebra with an orthogonal involution 
over A. Let h be a nonsingular hermitian form of even rank > 2 over (D , a). Assume 
that h has trivial discriminant, trivial Clifford invariant and trivial Rost invariant (cf. 

If the form h Kv over (D Kv , a) — (D ® K K v , a) is hyperbolic for every v G VLa, then 
the form h over (D , a) is hyperbolic. 

Proof. Let L C D be a subfield which is a quadratic extension over A such that a(L) = L 
and <j\l — id^. Such an L exists since a is an orthogonal involution. Let /i G D* be 
an element such that a(fi) = — /i, Int(/x)(L) = L and Int(/i)|i = i, where i denotes 
the nontrivial element of the Galois group Gal(L/A). The involution r := Int(/i) o o 
is a symplectic involution on D (and hence coincides with the canonical involution on 
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the quaternion algebra D). The "key exact sequence" of Parimala-Sridharan-Suresh (cf. 
(I2.7.2p ) yields the following commutative diagram with exact rows 



W(D 



IW W(D V , r) 



+ W(L, i) 



W(D. 



(J 



Il v ^W(L v , l) -L» Y[ vm W{D v ,a 



W{L) 



ru, w(l v ) 



where for any i^-algebra B we denote B v = B ®k K v for each v G Qa- The form 
7r 2 (/i) G W(L) has even rank, trivial discriminant and trivial Clifford invariant by [21 
Prop. 3.2.2]. Hence n 2 (h) G I 3 (L) C W(L). Let Qa' denote the set of divisorial 
valuations of L. Then for every w G Qa> one has n 2 (h) = in W(L W ). By Lemma T3. 81 
7r 2 (/i) = in W(L). So by the exactness of the first row in the above diagram, there 
exists a hermitian form of even rank /i over (L , t) such that p(/i ) = h G W(.D , <r). 
Let a = disc(/i ) G K* /N L / K (L*) be the discriminant of /i . One has 

^(p(/i )) = (L,a) e Br(K)[2]/(D) 

by [2, Prop. 3.2.3]. Since c tf£(J)(ho)) = &£(h) = by assumption, one has either (L, a) = 
or (L , a) = (D) in By(K). If (L , a) = G Br(K) then a is a norm for the extension 
L/K so that disc(/i ) = 1 G K*/N L/K (L*). If (L, a) = A writing L = #(>/«) such 
that D — (a , a)x, one has disc((l , —a)) = a G K* /N L / K (L*). By the construction of 
the map 7Ti, one has 7Ti((l)) = (1 , —a) G IV(L, l) (since D = L © pL with p 2 = a). 
Replacing h by /io — 7i"i((l)), we may assume that disc(/io) = 1 G K* /Nl/k(L*). Let 
In = rank(/i ) and let SU 2n (L, t) denote the special unitary group of the hyperbolic 
form (j 7 q ) over (L , t). The form /i , having trivial discriminant, now determines a 
class in H X (K , SU 2n (L, t)). 

Let if 2n be the hyperbolic form ( f ^ ) over (D , a) and let XJ 2n (D , a), SU 2n .(D , a) 
and Spin 2n (D , er) denote respectively the unitary group, the special unitary group and 
the spin group of the form H 2n . By (12. 13ft . there is a homomorphism 



po : SU 2n (L. 
which induces a commutative diagram 



Spin 2n ( J D, a) 



H\K,SU 2n (L,L)) 



i>n 



+ H\K,Spm 2n (D,a)) 



H\K,V 2n (D,a)) 



such that the map p : W(L , l) — > W(D , a) in the "key exact sequence" (12.7.21) 
restricted to forms of rank 2n and of trivial discriminant is compatible with the map p' 
at the level of cohomology sets. 
By [4, Prop. 3.20], one has 

Rs P in 2n (D,*)(Po([ho})) = Rsu 2n (LAlho}) e H*{K , Q/Z(2)) . 
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Thus by the definition of the Rost invariant 3% (cf. (12.121) ). 

o = M(h) = [i?spin 2ll (D,.)(po(M))] = [iW(£,o(M)] e h'Ik^u^d) ■ 

Therefore, there is an element j3 G K* /K* 2 = H 1 ^ , p 2 ) such that 
i?su 2n (L, t )(N) = (/3)U( J D) G H 3 (K, Q/Z(2)). 

A direct computation shows that the element /io := 7Ti((l , — /3)) G W(L , i) has associ- 
ated trace form q-^ = (1 , — /3) ® no, where ra^ denotes the norm form of the quaternion 

algebra D. By [T71 p. 438, Example 31.44], the class of ho has Rost invariant 

ifeu4<L.o(M = e 3(^ ) = 0?) u p) e # 3 ^, q/z(2)) . 

Modifying /i by /i = 7Ti((l , — P)), we may further assume that the class [h ] G 
if 1 (A, SU2n(-^, 0) nas trivial Rost invariant, i.e., es(qh ) = 0. Since cd2(A) < 3, the 
Arason invariant e% : I 3 {K) — > H 3 (K , Z/2) is injective. Hence [^ ] = G W(K) and 
[/i ] = G W(L, t) by (J23D (cf- [271 p.348, Thm. 10.1.1]). It then follows immediately 
that [h] = p([ho]) = G W(.D , a). D 

Corollary 5.3. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p 7^ 2 in the local 
henselian case. Let (D , a) be a quaternion division algebra with an orthogonal involution 
over K. Let hi, hi be hermitian forms over (D , a) with the same rank and discriminant 
such that 

tf£{hi±{-h 2 )) = G Br(A)[2]/(D) 

and 

M{hi±{-h 2 )) = G H\K , Q/Z(2))/iJ 1 (A , p 2 ) U (D) . 

Then hi = h 2 if and only if {hi) Kv = {h 2 ) Kv for every v G Qa- 

Proof. Apply Proposition 15.21 to the form h = hi-L(—h 2 ) and use Witt's cancellation 
theorem. □ 

Theorem 5.4. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p 7^ 2 in the local 
henselian case. Let (D, a) be a quaternion division algebra with an orthogonal involution 
over K , h a nonsingular hermitian form of rank > 2 over (D , er) and G = Spin(/i). 
Then the natural map 

H\K,G)-^ H H\K V ,G) 
has a trivial kernel. 
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Proof. Let £ G H X (K , Spin(/i)) be a class which is trivial in H l (K v , Spin(/i)) for all 
f G fi^. The image of £ under the composite map 

H\K ,G)=H\K, Spin(/i)) ^H l (K, SU(h)) ^ H\K , U(h)) 

is the class of a hermitian form /i' which has the same rank and discriminant as h such 

that 

tf£(h±(-ti)) = G Br(/0[2]/( J D). 

Let n = rank(/i). Let Spin 2n (.D , a) and U2 n (-D , a) denote respectively the spin group 
and the unitary group of the hyperbolic form ( 7 ° ^ ) over (D , a). Then the class 
[h±(-ti)] G H l (K, XJ 2 n(D,a)) lifts to an element £' G tf 1 ^, Spin 2n (Z>, a)). By [221 
Lemma 5.1], we have 



(5.4.1) 



[R G (0] =M(h±(-ti)) = [i?s P in 2n (D fff )(01 e 



ff 3 (^,Q/Z(2)) 
m{K,fx 2 )U{D)- 



Since £ is locally trivial, the commutative diagram 



^(AT, G) 



«g 



h g 



H 3 (K, Q/Z(2)) 



n, enA ^(^,G) ^^ n„ e n A ^ 3 (^,Q/^(2)) 



shows that the Rost invariant Rg(0 is locally trivial. By Theorem 13. A\ noticing that 
the Rost invariant Rq takes values in the subgroup H 3 (K , /if 2 ), we get Rg{£,) = G 
# 3 (if , Q/Z(2)). Thus, by (JEHD, 



M(hL{ti)) = G 



ff 3 (iT,Q/Z(2)) 
H 1 {K,^ 2 )U{D)- 



Now Corollary 15.31 implies that h = h' and hence the image of £ G i? 1 (iC , G) in 
H l (K, U(/i)) is trivial. By (H Lemma 7.11], the canonical image of £ in H 1 ^, SU(/i)) 
is also trivial. 

Now consider the following commutative diagram with exact rows 



1 



^n 



K*/K* 2 
Sn(h K ) 



K* IK* 2 
v&Q. A Sn(h Kv ) 



H\K, G) 



H\K, SU(/i)) 



+ U ve n A H\K v ,G) ► U v en A H\K v ,SV(h)) 



which is induced by the natural exact sequence of algebraic groups 
1 — > ^ 2 — > G = Spin(» — > SU(/i) — > 1 . 

The exactness of the first row yields £ = f{9) for some 9 G gn(fe , . The commutative 
diagram then shows that 9 is locally trivial since £ is locally trivial. From Propositoin l5.ll 
it follows that 9 = 1 G s J h , and hence £ = if (6) is trivial in H l {K , G). This completes 
the proof. □ 
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6 Groups of type 2 A* n 

6.1 Case of odd index 

Proposition 6.1. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let L/K be a quadratic field extension, (D , r) a central division algebra 
of odd degree over L with an L / K -involution r(i.e., a unitary involution r such that 
L T = K). Let h\, h 2 be nonsingular hermitian forms over (D , r) which have the same 
rank and discriminant. 

If the forms {hi) Kv = (h 2 ) Kv over (D Kv , r) = (D ® L L ® K K v , r) are isomorphic 
for all v G Qa, then the forms hi , h 2 over (D , r) are isomorphic. 

Proof. Let M/K be a field extension of odd degree such that Dm = D £8>l (L ®k 
M) is split over the field LM = L ®k M. (Such an extension M/K exists by [31 
Lemma 3.3.1].) The base extension Tm of r is a unitary involution on the central simple 
(LM)-algebra Dm such that (LM) TM = M. Let i denote the nontrivial element of the 
Galois group Gal(L/.ftT) and regard Lm £ Gal(LM/M) as a unitary involution on LM. 
There is a nonsingular hermitian form (V , f) over (LM , lm) such that (Dm, tm) — 
(EndiM(V) , if), where t/ denotes the adjoint involution on End^M^) with respect to 
/ (cf. [13 P-43, Thm. 4.2 (2)]). We have a Morita equivalence between the category 
of hermitian forms over (Dm , Tm) and the category of hermitian forms over (LM , lm) 
(cf. ( I2.6p ). which induces an isomorphism of Witt groups 

<P f : W(D m ,t m )^W(LM,l m ). 

Let h = hi-L(—h 2 ) and let /im be its base extension over (D M , t m ). Via the Morita 
equivalence mentioned above, h M corresponds to a hermitian form /i M over (LM , l m ). 
Let qM '■— % be the trace form of hM (which is a quadratic form over the field M). 
Since h has even rank and trivial discriminant, the class [qm] £ W(M) of the quadratic 
form qM lies in I 3 (M). The hypothesis on the local triviality (with respect to Qa) of 
[h] = [hi-L(— h 2 )] implies that [gjvf] G I 3 (M) is locally trivial (with respect to the set 
of discrete valuations of M defined in the same way as Qa)- By Lemma [3.81 we have 
[q M ] = and hence \h M ] = in W(LM , l m ). Since W(D M , t m ) ^ W(LM , M), 
[Jim] = in W(Dm , Tm)- Since M/K is an odd degree extension, the natural map 
W(D , t) — > W(Dm , tm) is injective by a theorem of Bayer-Fluckiger and Lenstra (cf. 
[TTt p. 80, Coro. 6.18]). So we get [h] = in W(D , r), thus proving the proposition. □ 

Lemma 6.2. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let L/K be a separable 
quadratic field extension and (D , r) a central division L-algebra of square-free index 
ind(-D) with a unitary involution r such that L T = K. Assume p \ mA(D) in the local 
henselian case. 

Then for any nonsingular hermitian form h over (D , r), the natural map 



(Rj /K G m )(K) (Rl /K G m )(K v ) 

Nrd(U(h)(K)) ^ J-J- Nrd(V(h)(K v )) 
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is injective. 



Proof. First assume ind(-D) = 2 so that D is a quaternion division algebra over L. By 
PS p.202, Exercise III. 12 (a)], we have 

Nrd(U(/i)(fO) = { zt(z)- 1 I z G Nrd(L>*) } = Nrd(U 2 (L> , r)(K)) , 

where U 2 (.D , r) denotes the unitary group of the rank 2 hyperbolic form (ij) over 
(-D , r). So we may assume that h — (? J)- The exact sequence of algebraic groups 



1 



SU 2 (£> 



r 



U 2 (£>, 



Nrd 



(i?i /iC G 



gives rise to the following commutative diagram with exact rows 



+ n, 



(Rl /K G m )(K) 
Nrd(U(h)(K)) 



(fli /jr G m )(JT„) 



tf^SU^r)) 



+ n«a A nHKv,8U2{D,T)) 



IveQa Nid(XJ(h)(K v )) 

We need only to show that the vertical map on the right in the above diagram is injective. 

By [TO p. 26, Prop. 2.22], there is a unique quaternion i^-algebra D contained in 
D such that D = Dq ®k L and r = r$ <g> l, where tq is the canonical involution on 
Do and i is the nontrivial element in the Galois group Gal(L/M). Write L = K{yd) 
and let 71d be the norm form of the quaternion i^-algebra Dq. Then by [TTt p. 229], 
we have SU 2 (-D , r) = Spin(g), where q — (1 , — d) ® n Do . Now the result follows from 
Theorem 14.51 

Assume next ind(-D) is odd (and square-free). By pX p.202, Exercise III. 12 (b)], 



Nrd(UO)(iT)) = Nrd(ZT 



N L/K (z) 



Let A G (Rl /K G m ){K) = {zeL 
Nrd(U(h)(K v )) = Nrd((D ®k K v )*) n (i?i /K -,, 
follows from Theorem 13 . 71 that A G Nrd(D*). Hence 



n(R l L/K G m )(K). 

1 } be such that for every v G Qa, A G 
)(i^u). Since ind(D) is square-free, it 



»)(#)■ 



A G Nrd(U(/i) (HT)) = Nrd(ZT) n {R\ /K <1 

Now assume ind(-D) is even such that ind(Z))/2 is odd and square-free. In this case 
we have D = H ®l D' for some quaternion division algebra H over L and some central 
division algebra D' of odd index over L. By [3l Lemma 3.3.1], there is an odd degree 
separable extension K' / K such that D' ®k K' = D' ®l LK' is split. By Morita theory, 
there is a unitary Li^'/i^'-involution a on H ®l LK' and a hermitian form / over 
(H ®l LK' , a) such that the involution t on D ®l LK' is adjoint to /, and moreover, 
the form hx' over (D®lLK' , r) corresponds to a hermitian form h! over (H®lLK' , a). 
Consider the commutative diagram 



ii 



l/K G m{K) r, 



Nrd(U (h)(K)) 



Rl K , /K ,G m (K') 
Nrd(\J(h')(K')) 



+ n 



« 



L/ / X <G m (-f("„) 
ueO A Nrd(U (h)(K v )) 



-> n 



i)e!J A Nrd(U(/i')(^i)) 
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The map 77' is already shown to be injective. Let A G R\, K G m (K) C L* be an element 
which is a reduced norm for XJ(h)(K v ) for every v. Then, considered as an element of 
R lk'/k'( K ') ^ ( LK 'T, x lies in Nrd(U(/0 (#'))• B y 1221 Prop. 10.2], we have 

iV iJf7 ^(Nrd(U(^)(^'))) C Nrd(U(/i)(K)) . 

Hence, A 2r+1 e Nrd(U(/i)(iT)), where 2r + 1 = [K 1 : K\. It is sufficient to show 
that A 2 G Nrd(U(/i)(fQ). For this, we choose a quadratic extension M/K such that 
if ®# M = H ®l LM is split. A similar argument as above, using the result in the case 
of odd index this time, shows that A G Nrd(U(/iAf)(M)). Thus, 

A 2 = N LM/M (X) G N LM/M (Nrd(XJ(h M )(M))) C Nrd(U(h)(K)) . 

This completes the proof of the lemma. D 

Theorem 6.3. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let L/K be a separable 
quadratic field extension and (D , r) a central division L-algebra with a unitary L/K- 
involution whose index ind(D) is odd and square-free. Assume further that p \ 2.ind(.D) 
in the local henselian case. 

Then for any nonsingular hermitian form h over (D , r), the natural map 

H\K, SU(/0) — ► J] H\K v ,SV(h)) 

has a trivial kernel. 

Proof. Let £ G H l (K , SU(/t)) be a class that is locally trivial in H 1 (K V1 SU(/t)) for 
every v G Qa- Let h! be a hermitian form whose class [h'\ G H l (K , U(/i)) is the image 
of £ under the natural map H 1 ^ , SU(/i)) —¥ H l (K , XJ(h)). The two forms ft/ and h 
have the same rank and discriminant, and they are locally isomorphic since £ is locally 
trivial. So by Proposition [671], h! = h as hermitian forms over (£) , r). This means that 
£ G /^(if, SU(/i)) maps to the trivial element in H l (K , U(/i)). 
Consider now the following commutative diagram with exact rows 

1 ► n^WW) "^ ^(^,SU(/.)) ► ^^(A)) 

1 > EU A S(uwS ► EU^H^SU^)) ► n^^(^,U(/,)) 

There is an element 9 G (i?]w i fG m )(.K")/Nrd(U(/i)(.K")) such that ip(9) = £. The map 77 
is injective by Lemma 16.21 So we have 6 = 1 and £ = (^(6 I ) is trivial. The theorem is 
thus proved. □ 
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6.2 Some observations on Suresh's exact sequence 

(6.4) Let E be a field of characteristic 7^ 2. Let Dbea quaternion division algebra over 
a quadratic field extension L of £7. Let r be a unitary L/i?-involution on D. There is a 
unique quaternion i?-algebra Dq contained in D such that D = Dq ®e L and r = To <8> t, 
where r is the canonical (symplectic) involution on _D and t is the nontrivial element 
of the Galois group Gal(L/E). Then we have Suresh's exact sequence (cf. (12.81) ) 

W(L) ^ W(D , r ) -A W(D , r) ^> W^A,, r ) . 
The goal of this subsection is to analyze the image of the map 7F1 in this sequence. 

(6.5) With notation as in f)6.4p . let ho be a hermitian form of rank m over (D , r ). Let 
M(ho) G A : = M m (Z?o) be a representation matrix of ho- One can define the pfaffian 
norm Pi (ho) as the pfaffian norm of M(ho) G ^4 with respect to the adjoint involution 
of h on A (cf. [17, p. 19]). This is a well defined an element of the group E* /Ny(1(Dq) . 
If ho = («i, • • • , oi m ) with «j G E*, then Pf(/to) is represented by the discriminant of the 
quadratic form («i, . . . , a m ) over E. 

Lemma 6.6. With notation as in (16.41) . write L = E(yd) with d G E* . Let h be a 
hermitian form of even rank over (Do, To). 

(i) If the class [ho] G W(D , To) lies in the image of 1\\, then its pfaffian norm 
Pi (h ) G E*/Nrd(L>o) lies in the subgroup generated by N L/E (L*). 

(ii) The converse of (i) is true if h is of rank 2. 

Proof, (i) For a + by/d G L* with a, b G E, the form 5fi((a + byd)) is represented by the 

matrix 

a 6cf 

fed ad, 



One can then verify that 



~ // , r,w ) (a, ad(a 2 -b 2 d)) 
m((a + bvd)) = < ' 7 ,. 



if a^O 



26d , -26d) if a = ^ b 

So it follows easily that Pf(7fi((o + byd))) is represented by an element of Nl/e(L*)- 
(ii) Conversely, let ho be a hermitian form of rank 2 whose pfaffian norm Pf (ho) is 

represented by an element of N L / E (L*). We want to show [ho] G Im(7Ti). By Suresh's 

exact sequence, it suffices to show that the form p(h ) is hyperbolic over (D , r). 

We may assume ho = (oc , —7a) with a, 7 G E*. The assumption on the pfaffian 

norm implies that 

To(u)wy = Nrd^) (u)7 = a 2 — b 2 d 

for some mgDq and some a, b E E. Since 

(a , -7a) = (a , -7ar (w)u) over (D , r ) , 

replacing 7 by 7x9 (w)w = 7.Nrd£) (w) if necessary, we may assume 7 = a 2 — b 2 d for 
some a, b £ E. From the definition of the map p, it follows easily that the form p(h ) 
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over (D , r) is also represented by the diagonal matrix (a, —7a). But then for v = 
(a + byd, 1) G D 2 , one has 

p(h )(v, v) = (r(a + bVd) , r(l)) (jj _° a ) (° ^^ = «(a 2 - 6 2 rf - 7 ) = . 

This show that the rank 2 form p(/to) is isotropic and hence hyperbolic. □ 

Lemma 6.7. With notation as above, assume that the field E has finite u-invariant 
u(E) = r. Then for any hermitian form h of rank m > r/3 over (D , t ), the form 
p(h ) is isotropic over (D, r) is isotropic. 

Proof. We may assume D™ is the underlying space of the form ho and ho = (cti, • • • , a m ) 
with on G E*. Then the underlying space of p(h ) is D m = D™ © DJ^y/d. We fix a 
quaternion basis { 1, i, j, ij } for the quaternion algebra D . The subspace Sym(D, r) C 
D consisting of r-invariant elements is a 4-dimensional E- vector space with basis 

1, ivd , jvd, ijvd. 

Let V C Sym(Z?, r) be the subspace generated by zvd, jvrf and ijyd. For ty = 
a^iv^© x 2 .jyd + x^.ijsfd with Xj G -E, a straightforward calculation yields 

■u; 2 = di 2 .x\ + (ij^x 2 , + d[ij) 2 .x\ G -E . 

So the map 

0: 1/ m — >E; v = (vi,...,v m )\ — > p(h )(v, v) = ^c^f 2 

defines a quadratic form of rank 3m over E. By the assumption on the ^-invariant of E, 
the quadratic form is isotropic and hence the hermitian form p(ho) is isotropic. □ 

Lemma 6.8. Assume that u(E) < 12. Then for any hermitian form ho of even rank 2n 
over (D , t ), one has 

[h ] G Imfa) ^ Pf(/i ) e iV L/i ,(L*).Nrd( J D*). 



Proof. In view of Lemma l6.6[ we need only prove that if Pf(/io) £ ^L/£;(-^*)Nrd(-Do); 
then [ho] G Im(7Ti). 

To prove this, we use induction on n = rank(/i )/2, the case n — 1 being treated in 
Lemma 16.61 Now we assume rank(/i ) = 2n > 4 and /iq is anisotropic. Let Vo be the 
underlying space of ho- Then the underlying space of the form p(ho) is V = Vo © V0V0. 
By Lemma E3 the form p(ho) is isotropic, that is, there is a nonzero vector x\ + y\yd G 
V = Vo © VoVd such that 

= p(h )(xi + yiVd, x x + y\\fd) 
= (ho(xi, xi) - ho{yi, yi)d) + (ho(xx, yi) - h Q (y 1 , xi))Vd. 

Thus 

(6.8.1) ho{x x , xi) = d.ho{yi, y x ) and /i (^i , J/i) = h (y x , x x ) . 
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Since ho is anisotropic, h (xi, X\) and h (yi, y{) are both nonzero and hence lie in 

E* = {xED*\t (x) = x}. 

In particular, x\ 7^ 0, y\ ^ and 

ho(x x , y x ) = h {yi, x x ) G E = { x G D | r (x) = x } . 

If xi = y±X for some AeDJ, then (16.8. ip yields 

r (A)A = d and t (A) = A 

whence d = A 2 G -E 1 * 2 . Since <i is not a square in E, the two vectors a?i, y\ G Vo generate 

a .Do-submodule W := Xi-D + y\D$ C Vo of rank 2. Put a = h (yi, y x ) G -E* and 

fed = h (xi, y\) = ho(yi, x x ) G E. Then the restriction f of /to to H^o is represented by 

the matrix 

'ad bd\ /0 lWd &d\ /0 f 

6d a J ~ ^1 0J [bd ad) \1 y 
A direct computation then gives 

n 1 ((a + bVd)) = [f ] G W(D ,r ). 

This means that ho contains a subform f of rank 2, which lies in the image of n%. 
Writing h = f ±g , we get Pi(g ) G N L/E (L*)Nrd(D*) since Pf(/ ) and Pf(/i ) lie in 
iV L/ /£(L*)Nrd(-Do)- Now the induction hypothesis yields [go] G Im(7Ti), whence [h Q ] = 

[/„] + foo] e M^fi). ' D 

6.3 A Hasse principle for i7 4 of function fields of conies 

Lemma 6.9. Let F be a field of characteristic ^ 2, F a separable closure of F and 
C C. Fp a smooth conic over F. Put C = C x F F and let F(C), F(C) denote the 
function fields of C and C respectively. 
Then the natural exact sequence 

— ► F(C)* ® Q 2 /Z 2 (2) — ). Div(C) ® Q 2 /Z 2 (2) — )■ Pic(C) ® Q 2 /Z 2 (2) — > 

induces an injection 

H\F , F(C) ® Q 2 /Z 2 (2)) — )• # 3 (F , Div(C) ® Q 2 /Z 2 (2)) . 

Proof. Since C is a smooth conic, we have isomorphisms of Galois modules, 

Pic(C)^Z and Div(C)^ Z, 

where C^ is the set of closed points of C. So the exact sequence considered here may 
be identified with the following 

0-^F(C)*®Q 2 /Z 2 (2)-^ Q 2 /Z 2 (2)^Q 2 /Z 2 (2)-^0 
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where the map a is the sum of degree maps. It is thus sufficient to prove that the map 

H\F{P) , Q 2 /Z 2 (2)) — > H 2 (F, Q 2 /Z 2 (2)) 
p&cw 

is surjective. In fact, we can choose a closed point P £ C^ of degree 2 and consider the 
corresponding map 

i/> : H\F{P) , Q 2 /Z 2 (2)) — ► if 2 (F, Q 2 /Z 2 (2)) , 

which coincides with the corestriction map. We claim that this map is already surjective. 
To see this, consider for each n e N the corestriction map 

^ : H 2 (F(P) , Z/2"(2)) — ► # 2 (F, Z/2 n (2)) . 

By the Merkurjev-Suslin theorem, the map ip n may be identified with the norm map 



N, 



F(P)/F 



k 2 (F(P))/2 n — > fc 2 (F)/2 n 



in Milnor's if- theory. The cokernel of this norm map is killed by 2 = [F(P) : F], So 
taking limits yields the surjectivity of the map ip. This proves the lemma. D 

Theorem 6.10. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Assume p ^ 2 in the local 
henselian case. Let C be a smooth conic in F 2 K . 
Then the natural map 

H\K{C) , Z/2) — ► \{ H\K V {C) , Z/2) 

v£Qa 

is injective, where v runs over all divisorial valuations of K . 

Proof. By the Merkurjev-Suslin theorem, we may replace Z/2 by Q 2 /Z 2 (3). Also, we 
may replace the completion K v by the henselisation K^ for each v (cf. [H| Thm. 2.9 
and its proof]). Let K be a separable closure of K. Then we have diagram of field 
extensions 

K(C)* K 



K {V) {C)^ K t 



K{C) 



(v) 



K 



which identifies the Galois groups 

Gal(if/iQ = Gal(if(C)/if(C)) and Gal(K/K (v) ) = Gal(K(C)/K iv) (C)) 
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This induces Hochschild-Serre spectral sequences 

E P 2 \K) = H p (K, H«(K(C) , Q 2 /Z 2 (3))) => H P+ \K{C) , Q 2 /Z 2 (3)) 
and 

E P 2 \K {V) ) = H p (K (v) , H\K(C) , Q 2 /Z 2 (3))) =» H^(K (v) (C) , Q 2 /Z 2 (3)) . 

Using 

cd 2 (i?(C)) < 1 and cd 2 (K (l)) ) < cd 2 (iT) < 3 , 

one finds easily that the above spectral sequences induce canonical isomorphisms 

H\K(C) , Q 2 /Z 2 (3)) =* tf 3 (^ , ^(^(C) , Q 2 /Z 2 (3))) 

and 

H\K {V) {C) , Q 2 /Z 2 (3)) =* tf 3 ^) , F X (Z(C) , Q 2 /Z 2 (3))) . 

Since H l (R(C) , Q 2 /Z 2 (3)) S Z(C)* <g> Q 2 /Z 2 (2), we need only prove the injectivity of 
the natural map 

H\K , K(C)* ® Q 2 /Z 2 (2)) — > J] H\K {V) , K(C)* <g> Q 2 /Z 2 (2)) 

is injective. 

By Lemma EH1 we have an injection 

# 3 (ir, ¥(CT ®Q 2 /Z 2 (2))^ H\K(P) , Q 2 /Z 2 (2)) . 

For each t>, let C(„) = C x K K^ be the base extension of C and let ^(^(C) denote the 
function field of Cy„). By functoriality, we may reduce to proving the injectivity of the 
map 

<p : H 3 (K(P) , Q 2 /Z 2 (2)) — ► J] # 3 (^)(Q) , Q 2 /Z 2 (2)) . 
Peed) «en A QeC (i) 

For fixed w and P E C^\ the corresponding component <p v ,p of the map ip is given by 
^, P : H 3 (K(P) , Q 2 /Z 2 (2)) — ► 0# 3 (if (e) (Q) , Q 2 /Z 2 (2)) , 

Q P 

where Q runs over the points of the fiber C(„) x c P = Spec(K^ Cg>^ K{P)). An element 
a = ( ap ) g ® P H 3 (K(P) , Q 2 /Z 2 (2)) lies in ker(y?) if and only if for each P E C (1) , a P 
lies in the kernel of 

<PP = l[<Pv,p ■ H 3 (K(P),Q 2 /Z 2 (2))^1[hUK {v) x k K(P),Q 2 /Z 2 (2)). 

V V 

It suffices to prove that for every P, the map tpp is injective. 
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Replacing K(P) by the separable closure of K in K(P) if necessary, we may assume 
that K(P)/K is a finite separable extension. Then we have 

K {v) ® K K{P) = \[K{P) {w)l 

w I V 

(cf. pQJ IV.18.6.8]). So the map (pp gets identified with the natural map 
H 3 (K(P) , Q 2 /Z 2 (2)) — ► n# 3 (^0P)M , Q 2 /Z 2 (2)) , 

(A! 

where iu runs over divisorial valuations of K(P). This map is injective by Theorem 13.41 
The theorem is thus proved. □ 

Corollary 6.11. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of charachteristic p. Assume p/2 in the local 
henselian case. Let C a smooth conic in ¥ 2 K . 
Then the natural map 

I\K{C)) -> J] I\K V (C)) 

is injective, where v runs over the set Q^ of divisorial valuations of K. 

Proof. For F = K(C) or K V (C), we have cd.2{F) < 4. By the degree 4 case of the 
Milnor conjecture (proved by Voevodsky in |30J), we have an isomorphism I A {F) = 
H A (F, Z/2). (In the p-adic arithmetic case, we can also deduce this isomorphism from 
[U p. 655, Prop. 2] together with [191 Thm. 3.4].) The result then follows immediately 
from Theorem 16. 101 □ 

6.4 Case of even index 

Proposition 6.12. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let L/K be a quadratic field 
extension, (D, r) a central division algebra over L with a unitary L / K -involution whose 
index is not divisible by 4. Let h be a nonsingular hermitian form over (D, r) which has 
even rank, trivial discriminant and trivial Rost invariant (cf. (12.141) ). Assume p ^ 2 if 
ind(D) is even. In the local henselian case, assume further that the Hasse principle with 
respect to divisorial valuations holds for quadratic forms of rank 6 over K . 

Then we have [h] = 6 W(D, r) if and only if [h ® K K v ] = G W(D ® K K v , r) 
for every v G Qa- 

Proof. If the index ind(D) is odd, the result is already proved in Proposition 16.11 We 
assume next that ind(/}) is even and not divisible by 4. 

We first consider the case where D is a quaternion algebra. As in (16.41) . we write 
D = Dq £g>x L with Dq a quaternion division algebra over K and L = K{yd) with 
d G K*, and we have Suresh's exact sequence 

(6.12.1) W{L) A W(D , r ) -A W(D , r) ^ W~\D Q , r ) 
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Let C C P^ be the smooth conic associated to the quaternion algebra D . Then the 
algebra D ® K K{C) = D ®> K L(C) is a split central simple algebra over L{C) with a 
unitary L(C)/if (C)-invoriition r. By Morita theory, the hermitian form h®KK(C) over 
(D ®k K{C) , r) corresponds to a hermitian form h' c over {L(C) , i), where i denotes 
the nontrivial element of the Galois group GaA(L(C)/K(C)). The trace form qh y c of 
h' c gives a quadratic form over K(C). By [TTt Example 31.44], the quadratic form q^c 
has even rank, trivial discriminant, trivial Clifford invariant and trivial Rost invariant, 
since h' c has even rank, trivial discriminant and trivial Rost invariant (these invariants 
being invariant under Morita equivalence). Hence in the Witt group W(K(C)) we 
have [qh,c] £ ^ 4 (K(C)). Since h is locally hyperbolic, it follows from Corollary 16.111 
that [q h ' c ] = G W{K{C)), whence [h ® K K{C)] = G W(D ® K K{C) , r). In the 
commutative diagram 

W(D, r) ^^ W-\D , r ) 



W(D ® K K{C) , r) ^^ W-\D ® K K{C) , r ) 

the right vertical map is injective by [23J. So we have p2(/i) = G H /_1 (Do, t ). The 
exactness of the sequence (I6.12.ip implies that [h] = p([ho\) for some hermitian form ho 
over (D , t ) of even rank. 

Let A = Pf (h ) G K* /Nt(1(Dq) be the pfaffian norm of h . Since h is locally hyper- 
bolic, by considering Suresh's exact sequence locally, we see that (h ) v lies in the image 
of (7fi)„ for every v. By Lemma IST6| this implies that A G Nrd((Do)^)-^L„/_fs:„(^) for 
every v. In other words, the quadratic form 

4> := X.n Do - (1 , -d) , 

where ud denotes the norm form of the quaternion algebra Do, is isotropic over every K v . 
By the assumption on the Hasse principle for quadratic forms of rank 6 (and [61 Thm. 3.1] 
in thep-adic arithmetic case), <fi is isotropic over K, which shows A G NycLIDq) .Nl/k{L*) ■ 
As was mentioned in the proof of Corollary |4.4| the field K has u- invariant 8. So by 
Lemma l678| we have [ho] G Im(7Ti). Hence [h] = p([ho\) = G W(D, r) as desired. 

Consider next the general case where ind(D) is even and not divisible by 4. In this 
case we have D = Q <g>£, D' for some quaternion division algebra Q over L and some 
central division algebra D' of odd index over L. By [3J Lemma 3.3.1], there is an odd 
degree separable extension K'/K such that D' ®k K' — D' ®x LK' is split. By Morita 
theory, there is a unitary LK' /K'- involution o on H®lLK' and a hermitian form / over 
(H®iLK' , a) such that the involution r on D®lLK' is adjoint to /, and moreover, the 
form Hk 1 over (D ®£ LK' , r) corresponds to a hermitian form h! over (H £g>L Li^' , a), 
which has even rank, trivial discriminant and trivial Rost invariant. The hypothesis 
that h is locally hyperbolic over every K v implies that h' is locally hyperbolic over every 
K' w , where w runs over the set of divisorial valuations of K'. By the previous case, 
[h>\ = EW(H® L LK' , a) and hence [h] = G W(D ® L LK' , r). Since the degree 
[LK' : L] = [K' : K] is odd, the natural map W(D, t) -> H^(£> ® L LiT' , r) is injective 
by a theorem of Bayer-Fluckiger and Lenstra (cf. [T7J p. 80, Coro. 6.18]). So we get 
[h] = G W(D, t). This completes the proof. □ 
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Theorem 6.13. Let K be the function field of a p-adic arithmetic surface or a local 
henselian surface with finite residue field of characteristic p. Let L/K be a quadratic 
field extension, (D, r) a central division algebra over L with a unitary L/K -involution 
whose index ind(-D) is square-free. Let h be a nonsingular hermitian form over (D, r). 

Assume p ^ 2 if ind(D) is even. In the local henselian case, assume further that 
p \ ind(D) and that the Hasse principle with respect to divisorial valuations holds for 
quadratic forms of rank 6 over K . 

Then the natural map 

H\K, SU(/i)) — * J] H\K v ,SV(h)) 

v£Qa 

has trivial kernel. 

Proof. Let £ e H l (K , SU(/i)) be a class that is locally trivial. Let the image of £ in 
H l (K, U(/i)) correspond to a hermitian form h'. The form h'-L(—h) has even rank, triv- 
ial discriminant and is locally hyperbolic. We claim that the Rost invariant M(h! A-(—h)) 
is trivial. Indeed, as £ is locally trivial, i?su(/o(£) * s locally trivial in H 3 (K V , Q/Z(2)) 
for every v. By Theorem 13.41 i?su(/i)(0 = 0- There is a group homomorphism 

SU (/i) — ► 8V(h±(-h)) , / »— > (/, id) 

which induces a map 

a : H\K, SU(/i)) — > tf^if , SV(h±(-h))) . 

The image a(£) of £ lifts the class [/i'_L(— h)] G H X {K, XJ(h-L(—h))). By general property 
of the (usual) Rost invariant, there is an integer n a such that 

Rsu(h±(-h))(oc(£,)) = n Q R S v(h){0 ■ 

We have thus ^ > (/i'_L(— h)) = Rsu(h±(-h))( a (0) = since £ has trivial Rost invariant. 
Now Proposition 16. 121 implies that the two forms hf, h over (D, r) are isomorphic. 
Consider the cohomology exact sequence 

arising from the exact sequence of algebraic groups 

i — > su(/i) — > u(h) ^4 i?i /K G m — > i . 

The fact that hf — h implies that £ lies in the image of the map tp in the above cohomology 
exact sequence (I6.13.ip . Considering the sequence (16 . 1 3 . 1 [) locally and using Lemma l6\2| 
we conclude that £ is trivial in H l (K, SU(/i)), thus proving the theorem. □ 

Acknowledgements. The author thanks Prof. Jean-Louis Colliot-Thelene for helpful 
discussions. 
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